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a(/ohaée’ér > Jirmjw-‘ §¥
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<> 0wt of (Jyn‘éﬂcf/(,)

S representationNs OF stalemenCs
P < Z rseCofF (Jyntﬁc‘é/c f‘epfe_\ren?fat)om‘)

e vth

of /oroof \Tér/nj_s—
—Func‘é/'omi J:JI— {0/43

Vef/f/'caf/‘oﬂ »fcxncinf) i @" I = {O,ﬂj
(we can cons/de—~ S=pP= {0/43*)

D¢ 4 A proo £

D€ 2

D63

Goal -

D64

D& S

D 6.6

SyyCem js a quadruple
T=(S5P, T, 2) [
A proof JyJZLem 77— INy &oun/ ) £ OO
-FO-CJQ/ Sta‘(ferr)enﬁ‘ has a fOOf/i. e,
) Afor all sed +or which Chere exicls
= eP with ﬁ(\r,p)=11 we have J)=7
A oot System 7] IS complele if
every, trve. STsCement has a DrooF
e if Hfor all ¢ €S with J(v) =17
there exiits P EF with Bls,p) =7
Ajoa( of (ogic /N Zo provide g
SpPECH i Proof SWlemn )/ for which
a \/er/l/ [a/ge Céa\r\f O-F /’l‘)af/?é/ﬁa?ffc‘q(,
\rZ'a_(femf/n';J Can be expr‘eJ(ea/dJ an
ﬁ(,t’mer)z_ of J-

The cyntox O—F a COgJC d/e—,ﬁ/ng\g’ ao
alphabett [\ (of allowed J}/mboé_f)
and specifiec which STCiNS 1N
are formulas (r.e. are Syntacl /cally
correcl

The cemart, cs of a [oﬂic detines
(among other z_%;nj\r) a Fenction fre<,
which &S [ GO to each formula

== (1, €2, 7‘4—) e N\ a subyel
Free (F)C §4,., k% of the jodices. )£

| & £ree(F) then The Jyméo[. £i iv Jaid %o
occur free jn [T

An interpre Cation consictc Of a SeC
Zz< A\ of Symbol s of A, a domain for
each Symbol in 2, apd a fmction thal
aRfign S to eadh Jembol in 2 a valve
i 1ty adsocialed domain.
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D &>

D &€&

D ¢9

D 6. 40

D €. 41

Dé.12

D 6.13

D 6.14%
D 6.15

D & .16

An m?f‘erprefazf/of) & Soitable
-For‘ Q-Formuéa = /F T G\f\r'/'y/)\f' a
valve +o all fymboé\r /ng occur,'nj
free in =
The Semantics of a Zo&/c alyo
defines a -Fonct/'OO O oar)jn/'ng Zo
eact —Form o la /—T and each iner /Oreta‘(“/on
3 ol Eable —For =, a TroTh valee
6 (F, A) 0 S015 One often weites
A (F) instead of 6(F/A) and callc
A(F) the troth valve of F~ wnder
nCerpretal orn A .
A cuvitable /nte/pré’fﬁf/'oﬂ L for
which a formula ' /s ¢roe s colled
a model for I~ and one algo writes
A=
For a Sel of formuloy: L= Af s
AF)= 1 for all FEM
R NI nol a modeé for M: 94//75/1//
A formola F (or a SEC M of fofm:/(a\r) i
Calle(/ \(az-/-\i‘f/qbéé’, J £ there exists a model
-750/ = (Of M) CmJ UI’)fat/'\r"F/'aé)[e ofherw/\fe
| sCands Fo an arb/'z‘ra//l/ unJaT/'Jf,bA[e
Formula , buT is noC a formula ¢
A formula F is called o tailology OF
valid JE Tt s Troe for euery S teble
jnterpretation .| (Cands for g toilolo 9Y -
A formuvla G is a [o\g/c&(, Conve guence of
a fosmula I (or a «sT M of —,fa/muéaf) oen .
FFE G (/M = 6) 3 every /ni‘efpr'eto‘é‘,bn
\gt//table _Fo/ both F(OKM) and &/ w/n'c/) N
modlel £or F (Fo//f//) < also amodel for &
Two formulas are eqivalenl ,ofen. F= &
)£ each one ;¢ ad (_o\gica[ coryeguence Of The
other. FE6ESFEG ond GFF
£ F s a tavfo{oyy one also writes = .
If Fad Gare fOKmuéa\r, thern also 7F,(Fﬂ5))
and (Fv&) gre +formulaw.
Fn& conjunction FVE digjunction
M((Fr&)=A it 4(F=7 and $(F=0
W((Fve) =4 et #(E=A or L(&)=-"7
A(2F)=A it 1w (F)=O

L 61
4) EFAF =~ an FrvF=F (ic/empofeoce)
2) F1 6= GAF an] FVo= GVF (commatsviTy)
3) (Fae)aH = Fa(62H) and (Fvé) viH = Fr(Gvly) (auociatjvil‘y)
Lr) FAFYG)=F gnd Fv(Frg)= (ab\rorp‘é‘/On)
S) FA(evH)=(Fr&) v (Fat) (dictribitive (aw)
6) FV(6aH) =(FvEA(FvH) (dictribotive Law)
;;_) 29 [F = F (dovble negq‘é‘}oﬂ)
&) 2(FND=Fvr6 and 7(FVG)E 2Fno &

L (Ae /b{orja/)}\r ru(.e\r)
g) Fv [ T cmc/ FATl =F (taoi“0105y ruée\g)
40) Fv | = dng/ 1l = ] (un\ra"f/{ﬁ'ab/[izfy ru(e\r)
17 FvIF=T and FA>F=1

([l

[ £.2 A—FOfmc/(a s a tmﬁfo[O@y ) £ Gno/
only (£ > v unval sfiable

[ &3 equil/alerTC SCatemest-s
D SE, 3 F G
2) F,A A [ — &G is a tao‘fo(o\gy
3) {6/ ) F,(_ )0 63 /s unsal, s£ able

H/(éerf—\??fy66 calculoys : \f}/n?f‘q—(f/'c Oé(/'edfxﬂ‘ Chal
are man/'/oulate(j are -FofmU(GI

D& A2 A derivition cole or inference rule
Jr a rvle —for o(e//\//'r)3 q—Formu(q from Q
Sel oFf —farmu(aJ (/DfeCOI’)o//'Zf‘/'or)//Ofﬁ’m/.\ffJ) .
We wiriTe 56,~--;/:/<§1—R G i G can be
o’erired from §F4,...,F,<_3 by role )e,

D619 A fogx'caé cilcolus K e a £inite @l of
decrivation rcler K= SR, "'//?mj

D 6 20 A clerivation of a 7Cormub & +rom a veC

M of Formelay im a calevluvs A 7 a fFinite

(Lengé/,:n) of applicitions of (oles in K,

Leao//'nj ‘o G

Mo = A

Moo= M, V56,3 N<isp where N G for

Some N EM,_, ond for Jome ‘)EJ’ ek
6= G
o4 /_K G & Chere |5 a o/er,':/cr(f‘,'oq of G from
A7 in The calcelos £

D 6.2140 A derivation rule is correct ¥a

Mg F =D MmEF

D622 A calcdos Kiv soond if M F=MEF-

MEF=S M F
L €Y & holde for a Joof)C/
= Eaa-nFL > G

and compée'Cc i
caleceles )<




PropovsiCional (ogic

D 6 23 A/) a‘éom/c -Formo(q S a \(ymboé

(syritax)  of the form A, with ielV. A
ftormola /s et ned as followy

® An aCom ic

2F , FAG and Fv & are formulag
D 6 2%
(«emanﬁ/c\r) inCerPretal/on X, called CraCh

O\Cr/'yn mef)t_

ormuld /N o _,Q/muéq
e /£ & and G asre {ormuéa\r Zher

For g vel ZOF afomic, -,formbéay)cm

)N a fenction X 2—> 30,15

A ¢ Ja/'é‘aéée _ﬁar = 1L 0E coNtlens all

agtom < {formolas in .

3 (F): JA’(A/) -FOJ/ asn a?f"om,'c —fafmo(q

A, for X(F) vee D. 616

D 6£.25 A Citeral js an oatomic —ormula

or the nejaf/‘on OF .anM a'(f‘om}c,ﬁrmo(q

D 6. 2<&
Form , £ T (£ a conjwmction OF
c/,;r\jcmc'(‘;onf of (/terals.

D § 2>

+orm 1 i€ IS a o/if\jof)c‘(_[on Yoyl

conjunctions of Literals

Every formclq s e7w'|/aleni' ‘o o

/\—FOr/r)u(a PP CO/)\/UOCT/'VQ NOrmal

A formulq /S /N o{;JJunc‘C‘/'ve normaC

formeleq in CNVF ard glvo Co a formela

m DV~
A clawe 5 a ret ot (/"ée/a[\(

formula jr (VF IS The vel
KE)=§ §L,, L3, 1L -

.3
., and /(2, £ Chere /o a (/'ée/aé a
Such thaC (LEK, ,7LEK, an
K= (KN 4L3)u (Ka\N 4273
The rfeolcCion calecvluvs /s row)O/
A € M of

/€ and only | € ){(M)F—éq &z .
L €& For any formelas F and G, where x

does notc Occur fres in H, we hare

1) 9 <V/><F:>EEJ><7/: 2) ’7(9><T:)E Ve oF
D (e F) n(hn &) = U<(F1 &) &) (Bx F) 9= €)= I(F
D YuVy F = Yo~ F ) IxIy F = JupIx F
(A H = (FaH)
9) (axf:)/\/—f = I (Fn H)

L 6.6
T 6.2

The §£C of clavsey awsocCialed fo a

3

clawe /T N~ Qa fefo(uen’C_ OF clavyes

formilasr v ungdCigf rable

\/G)

&) (WF)VH= vx (FVH)
120) GxPVH = I=<[Fv')

Predicate [log/c

D6.37 e o variable \ryméaé N OF The
(&ynfox) form X; v, Eh 1€V
o a fenclion Spmbol /s 0f the fornm
‘ﬁ'(k) wiTh )K€ (/\/ where L o/goO‘C‘e\F
the number 0F aggumeslis . Foncts;on
Jymbo(-f for =0 gre celled CONSZanS.
Oepfea//cofe Iymbo( IS O F Ghe Lorrm
/3,-( vith i)k €IN where A dendtesr
AR nembe- of argumenl s

® o yvariable is a Cerm anc/ 1 Zf4---f/<_
are Term v Chen {(9[64 ~~-i:(_) N o Term
For A=O no parerstheses )

© |¥ €, T oare CTewmry , Then /3’ (@z;)
oo ormola, called arn  atomic formula,
fee D615, i€ F /N aformula Then
For ang J Y Fand Jx; Fae formula §

D £ 32 -Elfetyf OccCrerce o+ Q variable n g

,,Cormula /s either bowd Or Free If >~

occors /0 a (scb—)formla o the +form

Y G or I~ then /T /S 600/9@/) other—

wive € o free. A —fbfmUCC? N C(axfea/

i€ 1T conlains PO (ee vacables,

/:—Fofmo[O/ < vor/able ) t Cerm /:Cx/‘éj

denoCesr The -Formo(a obz‘c,'noa/{fom =

by SchbCiCoTing every free Occurrence
ot % by &

Ao intepretation or SCrvclure. s a

Cople ﬂ*[(//¢// ¥, g) where (/1§ o

non—ermply wnivelse , @ i G fincl,o00

Gnss 29N fc/; each Function Symbol 4

fmc’&/@rf) vt U) ¥ ;s o -—Fc/f?Ct;(.)f)

AR 3NING Zo each pred;cele J‘ymboé

a fc/nC—C/‘eO/) U 0,73 anc/ % 1§ a

,{Cc/ncj(j,'on a\s‘_r/'yf))'nj To each Vdf).qb/é

Ssembol a valve in U.

Dégg A /'f)—bc/pfefozf/oO IN J‘C//.toaéée -?[OF F/
1 £ I'C 01074"’)61/ ad _,C(/nc‘é,'or) Symboé\f/
/oreo/:'CaZLe fg/mbo@‘ Qf)d —F/€€C/V O(’O/r;'ﬂg
\far/'ab(,€4‘ o€

D 636 valve of: i€ E=x; AE)= ¢ (%,)

(\‘e"’"”t"CJ) Cerm T TF Ci5 OfF the -,Corm.,c(a(t,, ---'é,é)

Chen 2(&) < F(AA(E,) - (£))

Tedth valve of F 7 wee D .16, (£ = ix oFf Zhe

Formm  [F= ,o(‘)(f,..t/c) then o (R="Y(P)(4(t)- Al))

i+ F i of the form VG or I & Zhen (e

A’G‘“J“j velUbethe vome (Trolore av X exceol

that 6 is overwritlen by U (le. &)= o)

(7

D6.33

D 637

s )46_)@<6>=4foraéé ve U

’

A7 )d’x—bu <6>=/ ~Jome.
4 (I 6) = { D 7°
Oelse

else

£ one replacer a wub —formula &
o€ ¢ (formcela | /oy an e?w’vaéeni‘
(to &)—Form Ao H [ Then The re\raé‘(,‘/'ng
Formula (v equivalest To F.
( 640 For q formdula G in which v Oloes not-
OCcur we hIave (/poonc/ {ob(t}fut/o/))
o v G = Yy G/
e I &= 3p GLe/y)
D63 A formu(q in whickh po variable occurys
boThH aJy & bOC/nf’/ Cfﬂé/ av G 7[/'66/ Vqr/'aélc
and in which all variabler appearin
cfcer the q(/cmzfjffef\r are o//fz‘/ncf?
j< waid To be in recC/+/ed form.
For anly formcla F ond dry Term <
we have VXF: /b FCX/tJ.
D638 A formcla of tre {form
Q,,X4&2><2 "'anq G/ where The Q,
ae. orb/?’,‘rar/ q(/an‘zf/'(f,'er\f Q/)C/ G
G formela free OF guantsfrers, i€ Said
to be in prenex form.
[ 6142 For every Formula There (& an e.Cfc/}Vq(eﬁZL
—Form(/Cq [N PreEnex orem .

T6 42 - 3= Yy ( Ply,x) <= >P(v%))

CNF: CO/U'unc:bof) of the o/p/ood“iz‘c
075— every interp retafz_of) /na/cn'n\sr the

O J7) u(o a/ e A B
i Fofs (AD» B@( )

L 6.AA

/:
o1 O

DIV F: {JJ unct,06) OjC exa c‘f‘[y e\/er}/
5nt€f/D(‘e,t aton malk ng the formu(o
True AB  F

o7 7 (1ACREL-)

S AT et = ]
YZ-/'Y 4
7 = _
<>>_:_49_ 5 ¢ = o=

<+
< + 7
O NFr=3- S+ 2
T
5=72 2 +]
f=5-22=5-2(12-3 %)
=—2- 77 *+>S

2




C/‘)qp_ée,f 3-’ Se’ég)ge, Cd‘éio/)& aﬂJ f:ur)c'éioa’)f

de

D372 A=B<=§ Vx(xeAc-sxe@
L 34 a,b ard. £<23=553 == a=b
D3.3 A<k <$_§ Vx(xeA—Dv(éB) subsel
L. 32 A=R < (4 RAR<cA)
L 3.3 ALBABLC=D ASC
D3¢ Aul ‘:‘sz{x]xéAVxe,Qa unioN

ANRB ZEf {x[xeArxeBY | slersection

U4 SR ynion and ivlecsect-ion of sets jn A
R\ A Zf {xeg]xe’AB difFerence
ldempotence : AnA=A AvA=A
COmmuf?o‘(f;'v/'t(v: AoR=RoA AvB=RvA
AssociativiTy = An(BoC)=(anR)n C Av(Bvc) = (AvR)LC
Absorption: A0 (AYR)=A Av(AnrE) =A
Distribivity: An (BuvO)= (AnD)u (AnC)

Av(Bac)= (Avd o (AuC)
Con\ri\vte/)cy: ALR S AnB=A AvR=[3
D 26 A seC js called gmptk £ o cortains PO
elemersts j.e. £ Px 2(=x€A)
There ;s only one empty et {30 3.
The emply Set i a svbsel of every et J.e.

VA (Z <A

L 3.5
L 3.6

D 3.2 The [power cel of a g€ A,o/enofecﬂ P(A)} IR
the of all suvbeels of A: P(A)c—i'ﬂc SS1S=A3
D 3. & The Carteciao FProdoct AxB of two $eCs A/E

A=< B= {Ca/b)laeA/\beBg
For finite sets: |A=B|= A/ IG)

D 33 A (binary) relation P from a st AZo a\re?é[?
A,%ZZ«WQ ( (A,Q)-«rqu_(f/'on) is a subsel of AXB . I A=R 0
then P jr called a reldion on A.

(@)ep X apb

D 3.0 foc any s A,the ideitity relaCion on A
dencted )O/A, id i the relation /O/A: 2 (@) la€Af
D 3147 The inverve of a relation p from Ao B isc the
r‘e,éa"lf‘/i\on ;:/D\ from BZto A ofe.F,'r)ea/ b}/
pE LD @ep]
o 3.12 (omposition of pand G
po6 L {(a)3b((b)ep A (b)) € 6)]
n—FDCc/ COm)oo&i-é;on of pona gt A pn
L 3.2 The composiTion _of relat/ons s associative
. 3K p, 6 relat;ong f{% = é\f/)\
D 313 A relation p on.avet A is called reflexive if
apa ,Fo/aa ac€A | e. /.C/A ;P
D 349 A relation p on o st A iv called irreflex/ve
H o fofor all acA,ie. if id,Np=4¢&
D 2.75

A reldCion p on a =t A js called SyamelriC
I+ apb&bbpcf -Fofaél o,beA e A /ot,?)

D322

0246 A re(o‘l‘ion on a &6—674 Ky Caé(f&/ on’é[\(ymm@’(z]‘ic
£ apbnbpa=Da=b s¢trve for all
a,bEA /. e. 1€ /Oﬂ/é\ < }O/
D 31> A relction p ona s s called Crancitive
i€ apbnbpc=Dapc jstrve forall abceh
L 3.9 A relat/on p iv TrangiTive £ ard orly i
Plép (R < p For )
D318 The Transit/ve clogsure of a reldtion p
on a vt A, dencted B, i< P*;_UPn
n&lIN\ §25
D313  An eﬁun/qﬁence relat;on on a € i< a
relation on a seC A thit js reflex ive,
5 ymmetf ic and] Trons,Cive.
o an equivo[ence relation & on a Je’é
A and foraE A, the st OF elemerts of
A thet are equivalest to a is alled the
equ.‘l/aéence class of d den ot-ed [Oje ,
(c]g &€ {beAlbea]
The intecrection of Cwo equ)\/colence
relations (onthe game set) is an equivalence
vrelat,on.

D320

L 3 410

D321 A partition of a s€C A is a (&€ of
mo‘buoél)/ o(,'¢\/'0in‘é‘ Jubsels of A That cover
A,

D222 The get of ec{o;'VaCenCe clasres of an

equivalence relqt;on © denoted by

A/© 2 §ElglaeAl s called the gestieit
set of A by & ,0¢ Amcdilo © or A mod O
The &€ A/E of equvalence classesr of
an equf'\/a(ence relation G 0on A /s a

COrT 10N OFA.

A par‘é‘/aé orcler (Of order leafjon) on a vet
A ¢ arelattion that ic reflexive,antci —
J{/mme-é"‘.o and Ceans,éive . A v A with
o /Qq."z’:/'o[ ofder A on A i< called o
}Oo/'tia((y orc/e/ed set (,ooxéZf) and Ky
dencted as (Ai_’ﬁ).

For aporet (A;3) two elemeds a and b
are Caléf’cp Comparqb[@/ £ adb or 635_01)
otherwise i‘Acy are call iNComara ble .
£ any Cwo elemersts of Q/oo\re‘d‘ (A, é)
are Com/oafqble,f/veﬂ A IS called
fotaéé}/ ord'e/eq’ (or (}nea/(y oro/ereé/) by A
In a pare‘lf (Al &) an elemert b ik saidd +o
coves an elemert a N a%/o and there
exiNlir pO C with afc ard c4 b(be'CWeen).
TAhe Haovre d;q\7rqm of a (¢inite)porst
( Aj ’—5) Jr the Jirected fc/OA whose Vef/:;'cef
ace labeled with the elemert s of A anc)
where there 'S an edge from ato b £ bcoversa.

T3 27

£3.23

D 3.2

DZ3.25

D326

D 32§ For given posete (A;3) and (B; L) their

T 342
7313

e C
(6‘4/b4) S(eX (al/bl)(oé—j 04_'_4_Q-2_ l/(04:02_ /\ 64

+he Jset AXQ twith the relation
A<D defined by s

direct /ofocloc_é,o(enoted (A, 2)=<(P;E), /s

S on

(04/ b4) S(Ozlbz))CZ:) 041‘_ CGo N 64 g_ é)z
(Aii)X(G " E) s a PoNel,

For 3/"'/6") //()OJQTJ (A):S) anc;/ (Z?, _C-)/ ‘zf/ve
relat ion S lex o{e-,ﬁmec/ on AxpB by cL )

< o parZial order relat;On.

D329 [(eC (A/:ﬁ)be @/Oo\re_t and (eC SEA Then :

A.

2.
3.
k.

D230

D3.31

D 332

D3.33

D323%
D 3.35
D3.36
D337

pD3.3¢

a €A s a minimal /maximal element 1

There ex,vTs no b<€A vith bL4a /b da

a&A ivthe (,gafé/areafeﬂf elerne T Of A

€ a Ab/bda  forald be A

a€A is o /owe//o,o/oer bo(/hJ o I

adb/bta for all be§

a€ A o tre 3/9&{:&’\(_5 (ower bowo//éea\rf

vppet bownd oF I if a v The grealesl/

[easT element of The Jet o all lLower)/

vppel bo(/f)C/f oF J.

A /OOJef (A, j) J& we(é——or‘dered i~ 0

IS TOTa CCI/ Orofe/ed ondl I oevery nor—

e ply Jobvel o A har a (easT elermest

Let (A, 'i) be CrpOJ'e_C. )£ aand b parLe

ol 3feate\f‘t Lowe, boonr// ther [t I

colled the pmect OF G and b , OFTen

denoted arb . 1€ aand b have a (easT

Lpper bownd then [t ;s called the Join of

a ard b, often Aenoted a vb.

A poset (A B) in which every pail Of

e[emen—é_f has a meel and CI‘/'OI'J) [ CaaeJ

a (alZice.

A function :A=E From a domain A€o a

c,oJomcUO R 1§ a fefaf'/'oo’) —From A'C_O 5o

A Ta€h JbEB afb (£ totally~defined)

2 VacA Vbbel @fbrorb—ob=b) (fis
el —defin ed/)

Jet of ol -,Conc‘(f‘/onJ A—>pR: RA

A partial fenction iv a reldion with 2.

£ AL, SECA image. Of S vndes £ £(J)-

F(s) et $£6) laec]
The subreC £(A) off B is called 4he image
(0( fange,) of € and s also dencted /m )
For a subeeC T of b the preimage of T
ofeoafed —,C_7(T') $ the et oF valves ;o A
EhiC map into T ¢
£77(T) det SaeAl #la)e T %



D339 A -Foaniof) A B ;s ca LLEJ
A. jnjecCive jf for a#b we haye
-,C(a)?é—F(b)
2. JufJ'ec_(f)ve/ A ,F(A)'—’— 8
3. b;\) ect,ve 1€ bth

DQ_[/O For o b/'\jec,'tit/e, »F(/OCY’:/Of) + the pveise
IS called the inverce finction O£ + 75_7
D36f4 T he COn’)/C)Oxf/"(f‘/'Of7 OF a 7£of7c2f‘/'o/)

-+ /—)——DB anJ a func:'é'/or) QTB—DC o/e/).
by gof or gf,is defined by (go)a) = g(€(2)) o
L 2. 4¢ Function compositron /¢ asSociat- ve.
D372 Aand 13 equinvmerovs A~B | Zhere exivlic
a b/Jec‘tion A—=>0
3 a/om/nai‘ed‘ A Ad/L A A~ C 7504’ C —C—QOK
£ there exiSts an injectrve function A—>[
A is cowntable (£ AAIN and uvncovntable otherwice
L3145 AARANRBAC= ADC
ASB= A48

T3246 AARABAA = AnB

T3.4% A set is countable JEf TS Fipite or A~IV

T 3.1 The et 20/45*01574'/7/2,4@ bioary fegences
/s countable .

V249 V<IN s cowntable

T 3.22 et Aand A, Foc [ €[N be cowtable sety.
i) For any p €[N A7 (n—tples over A) s coutable
i) The vnion Uy A, of a coutable LisT of

countable ety /s countable

)i/) The et A7 ¢ cowntahble

03-93 lel {0/4306 dencte the (et of Semi —infiniTe
binacy (equences or equivalently the vet of
Fenctions IN— $0,73.

T2323 $073% s uncowntable

D\?L/4 A -For)cffof) —F//V—D 'ZO; //3 /'S Caaec/ COm/Ochfaé)(e

i thee K& a pfOSfom thaT for every n&lV
when c¢iven . as mpat Oof,'{OoZJ‘ 75‘[0’)).
(or 224 There gre of)compuﬁqbée fenctlions [V— €O,43

Nemder o Sulojrou/o\s o 2,7" \T(n))0=pj4'/7§z'(")
I ()=(e,+1)(@+1 ()

F:iﬂ(! zerOc/)l//.JOF\f O‘F F:[ij(x) / (20 / ® 0D
@-Focfof‘ m(x)/n@ all mulfi/oét\f of the factord (OO_éO)

Find generators of 2,/ Z:é "
@ Fiod  [20/25|= r /€() @) fFaector m and brote
Force elementCS (no e-F—F/'Cfer)ﬁ_ way excePZf order
N Pr/ﬂ’)e
F;f)o/ v S @Find cerod iVisory @Jtrf/(c O
@ [,/'J'f rerna;‘n/'nj e(emenf\f @CABC/( W|é}; f(n)

ChapCer & Member Theory

D% For a,bé 2 we Say thatt g c//'w'c/e\ré
den . alb £ Ic€ 2 b=ac . a /s called
a divicor of b ,biv a mull;ple OF o
I+ aFZO jE iv called the qUOé‘/fn“é whern b
e divided by a and we write c=2 or c=b/a.

T [(4 a,d E 2/ c/f’-o there. exiyt on/gue /'ntgje/_r
q and J‘a‘é‘/ny;n a=0/7+f anc/0§f</c//
DQZ Q,b GZ(no?fboz":b O) AdeEP i€ CC«[(QO/
a qreatesC COMnOF) d i cor Of aandb
£ d dviddesr both aand b and j+
eyer/u commo?) div,vor a c«n#b c/(im'Ofe\r
die. if [an d[bATd d’land’[b—>d’[d)
D&3 The 3reatefC common divicor of aand

b & the un que /OOJ/'Z‘/' e Sreate\r—‘é‘
commory diviror Olen. 3cc/(q/b).
[+ 9C4{0/5)= A aand b ace called reCa'(f/'veCy/pr/mQ
L4 2 mn,q€ 2 3cc/ (m,0—gm)= 3Cd(m;o)
De& a,b€ 2 the ideal generaled by a and b
denovted (a,b) /v the st
Ca,b) = fva+uvb |luvE 2/3 The soleal
e/)?raZLe// é:(/ a J‘/r)j/_e n'n‘é‘ejff /§ analoqous.
For ab€ 2 there exivts de 2 (d)=(a,b)
a,b € (0ot bth O). (£ (0,6) = () £hen df
IS a jfeafe\f_é_ [ommor) oy v/vor OfF a and b.
a,b€ 2 (nct both O), there exicZ yLE 2
Sweh that gcd(a/b)’—‘ va+ vb
D& S The least common multipls [ of two
pm/'é/\/e, ;'ntqjer\c a and b deooter/
Lern (a;m) v The Common multiple o+
aand b v//)/c/) 0(/\//‘0/&1’ every common

multiple of aand b/ e.

alCtnb/ln (a/c;/\b/c—bé/c,
D4 6 A pos/tive integer is called priome
£ Zhe only positi e divicors of pare
Aand/ n. Ao m‘teyez greater Than / CAaT
/S nols a prime |5 called cam/OO(/'zfe.
Every poritive jnteger Can be wsitten
unigvely (vpp tothe order) as o prodcct of
primeJ_
For a,b,m€ 2 withm2 A, we Sal Chat

a v C,Ongruerﬂf to b modulo m 1F
rm divides a.—b den. a Eb(moc/m)

or a=,b J e.
a=, b &L m ‘ (o—b).

For any N E A =0 IS an equj\/a[ef)c_e (Q[ﬂl,'oo
on 2
L4 MG a=. 5, c=nd = O+C=_mb+o/ wod ac Embo/

L7 3
L4

C 4.5

T4 6

D&&

%413

Ca 1S (<, ...,></<> mo(Ci —var;ate polunomiol in ik
variables with /'nﬁesver CcoefF 1 cienty. a
m2-7, IF a, =, b, for 4<i sk then

—F(q4/,..) qk) =m £ (bs, - /b,e>
a,bm€dq,m=2"7

i) a =n Ron (51) /'/) a=,b & /3,,,(0) =K, (b)
Same regtirementy as in C €. 15. Then

Revy (’F(C'M /a,(—>> =K (’IC (Pm (04)/ ey B (0,6)))-
A< =pn A has a soluCion <€ 2D,, if and
only | Ccl(a,m>=/. The woluvton |¢ wnigue
[ 3cd(o,m =, the Unicrue SolcCion =€ 2
Zo aw=, "1 is called the multiplicative
jnverse OF a modalo m One alvo uses the
notation w=.,a " or X=mA174.

Let m,, ma,...,m, be pairwive celdt/ el
prime integers and (€€ M =TT m,;. For every
LisT ay,.yar wth OSa; <m, for AS) S r the
S}/ﬂfem of congr vence equo‘t/or)\r

L& M6

Cl 12

LYY 18

D49

T7.13

< 5,,,4 a,
()
R Emr d,.
for < has a On{7uc {040{—/'04’) < J‘aZL{{-Fy/nj
O==<M
~
Jolction : ><=/?M( Z a,-/W,'/]/,') where
=

Dir e — He L man keyf Agfee_me/)f
public pacametery : prime P bos:§ 9
Bob

select o ot candlom
f{om {Q'--/P_zg

Aé;c_e,
select %, ot candom

-F(Dm iO,.../p—-Zg
_ >, 7/4 —p xp)
5A:’/2P(9 ) v, o W ¢

_ > _ B
fan’ = R A, boa = Rp (14”)
- =<5 QXA: Xa>%p
kAB —P VQA:P (9X ) —p \9A Q—P $oa

A code C iy t-error correcting I here exigls

£ and D with (=lm(E) where D ;¢ ¢—evior correcting.

T S.97 A COG/e C with minsmemn a/iffaﬂc< g S
t—ercor correcCin 0/2 2T+ 7.

T SHL A= 6F(E), K, acbitrary £ dicCiacT €X
E ((,(o .- 0(/(_/,)) = (ale) - ala,_,)) where

a(=) is tre
S
a(I=a,_ > " +l)Fax+ao.

ol}/norn/a

Th,'_r Code }’IGJ MIin imuer d;fZance ﬂ_/é‘J—/



C})apfe/ OF /—\L@ebrq
05.4 An opc/af)of) oNn g {6—6‘ S s a—Fonc‘f/OD

DS.2

D52

LS A

DS &

DS .S

D5 6

LS 2

DS >

DS.&

LS.3

"= where n 20 s called the arity

OF the Operalion.

An algebra (or algebraic SCreclure. OF

ea —alﬁebfd) i< a pair <022 where §

< a Set (the Cacrier o€ the aCje/orcO and

(2= (w4---an) Ic a (T of operat,on«

on J.

A Ce-,ff/(/‘jhf heoz'/az e(emenzl— (O" /denfi‘[‘y

eﬁemeﬁf) of an aégeé/q %D jean

elemeiC e € srech Chot e* ag= o/a*ezq

for all aed |£ eta=awe=a for all

aes then e /s simpl called necCral elemerC

£ <S5 D has both a le e and a right

nestral element, then they are equal.

[N /oart/'c(/éa/ S, %2 can have gt moct

one. pevtral elemerC.

A b}ﬂa(y 0/06’/4‘6/'0/) >* on g set J/c

as<coc/gt/ve /'75 O#(b*c):(a*b)*c for‘

all a,b,c 6\(

A monoid is an 06385/4 <M,’7#,€> where

> |5 assoCigtive and e ¢ the nectral

element.

A left/righl inverse elemenl of ar

elemeri g 6 an aéaeb/q <S/*,C> Wi Ch

nectral element € < an elemert be S

Suveh that b¥*a=¢e /grb=¢e . | b*a=axrb=ec

+hen b« J[mp(.y colled an nverre of d.

[n a monoi <M,‘*,€) iFaeM has a (efT

anc/ a r/'@ht /'nveV\rQ/)‘ther) '6/')87 equq(, In

particular ) a hays at mosT on< /nverge.

A groep is an qéjgér’q <6, *, A/€>$G'C‘;'ny}nj

Che follo w/'/)g A<OM S -

GA: % s ausocial,/Le

G2 e /5 a nevlral elemert: gqe—=exqg=qga
+or all o€ & N

63 El/ery 06/\(7 hiJ an. inverse  element g,
/@, ax*a=ocxag=¢.

A gro9p <&, %2 (or mono;d) IRy CadQJ

Commelative OC abelian [+ Q¥b=bx*a

~for all a,be &

For a qroep we have Afor al( ab,Cc € G:

) o= ) b = bmd

) G b =g =>Db=cC

Jv) bXxa=Cx* G =) b=C

\/) The equa‘t/on ar><=b has a vo rqee
SolCion < or af)y. a and b.Jo does The
equation X*a=2>b,

)

D59

LS

DS 10

LS5S

DS AT

DSA2

(S &
DS A3
DS A4

DS 15

TS5 >

The o/,‘reEf p/oc/c/c_é of N 3fot//i>¢
<Gy, ,2, (), <GCp,#50 IS Ethe
06865/0
< 6, <)< G, * > where the
o operarion NN Com/oonenz——« wrde. .
LG < (D= G ) D Js a grogyn ,where
the nevtral elemenT ard t¢he inLerson
&pe/df)'of) are CompO/)er)ZL—WllJe in the
re\r/oecf/\/e GroPy.
For “two 8(00/0\.( G aoq/ H/ a .F‘Ur)c'é/OJ’)
Vi G-—>H /s called a roc

hor0mOrph/ven, 1 { o all o and/ b)

Y(axb) = V() + V(b)) I£ Vis
biljec-éi(/@,then 1E I8 called an
[\I‘Omorp/’)i\f‘m/Qna/ Wwe Jal Ehal G
and /4 cre jsomophic and rite
&>=H.

A geocp homomorphism VW (ot s £ iec:
i Ty ley 23 t

0D U (8)=Y(a)

A svbgel H &S G of o grovpo <6,‘>k//\/e>
i~ called o sebgrovp of & £ <H* ;7 ed
IS A groep i@ if H s cloged with
cespeclt to all operal,ond -

[//) asb & FH for all a,beH

2) eeH
R aeH For all a & [H
et & be o groep  and et a be an

elemenC of &. The order of o,

oAen. ord (c,)/ io Che (easrT m=2 A7 rech

thal Qm=€_ , £ Jech an m ex}\r‘é‘&‘/

and orcdd (6) ic said to be infinyze

othrerwive ,weilttern ord (a)= o0

self-ipverye @ 4=0a

/» a Finite groud &, every element

has a finite order.

For a £/nite grovp 5, [G] ¢

called the oder of 6E.

For a group & and a€ & ’-f;/;e groop

8jne(ot3d by a ,denoled <o>, /5
e£.,ne Ny
- <oG> See {Qn/nézg

A groc enerated by an element

9696 }/j Cgaec/ QVCK/'QL// ard 9 N (aCL?&/

a generator of G.

A C_/L/CC—/‘C— 9(0&/0 OF Ofﬂ/&?/ @) /'J‘

jSomorphic To <2,; @D (and hence

ob@(//'an)-

T S Y el & be a {)ni'ée group ano/ (eT
H be a \rc/bgfoop of G.Then Thre
order of H divi desc the order of &,
e/t divides | &/

CS. .9 For g £inite groop G, the order of
every elem ents divides the grogp or(/é?/}
. e. ocrd (o) c/:’v/'deJ [G/ for every ae &,

CS A0 [eC G be a finite groop.Téeﬁ
alf=e for every A& &.

C,\S4/ A groypn oFr /Df/'m@ O/G/Qt/ Ny CVC(,;C_
and in sech o grocp every element
excepl Che neclral eleme~t s a
3€nera_COo’.

DS A “2FKE fa€2m chd’(O;m)=//3-+

DS > The Etler function ¥ 27— 2 i
cle-f/ned as the CG/J/OGC/'?,L/ of Zh

() =]27]

LS 42 £ ‘/:hefpr/me, tactor: 2100 O£ m )&

m=T7._ ,o,-e" zhen __r 7
7 emy="Tl_, (p;i=1p,

T543 <2007 7,7> /s a group

CS 14 For gll m =212 qnc/ all g w,th
8(.(/ (u, m) =7

)
O-P(m = Vi
In parCicvlar, for every prime p and
every o noC divivible by p,
o —
a’ =, i

TS 15 The group Zm* is cyclic 1€ and on[k
(£ m=2,m=%, m=p%,0r m= 2% whele
P is an od prime and e2-

TS A6 e & be yome f/n}‘ée oo qnc/ (et
e € 2 sveh that gcd(e//e/)——:ﬂ. The
Foncli;on X—=x /< a bijection and the
Unique e~Th rooC of L €& we &

jue _s-th ool o >
Sat . Fymg X =1 <=L where
pop: e T
Al ce Bob

Generale primes [

and ¢

(o) (g0

= (=41

yelect e N, < P(a/nf€>«lf‘

ol = - e’ = a0 e {4 n=15
L Cipherlext

m=Ras(y?) < Y= R ()



DS 18 A (/N9 (/2,‘—/—/-’/0)‘,43 ) ao aéje/sra
-,['Of Wh)-C/’)
() LR, +,—,02 ;5 a commcCalive groyp
(in <R, -, 42 1s a mopoidf
(i) a(b+c)=(cb)+*(ac) and (b+C>Q=/ba)+(Cc;)
for all a,b,C ER .
A fl-f)ﬁ e ca L(,vea/ Commbtot) ve ;'75
mol(CiQlical.on & commTCal,ve (obzba)_
LS5A> For any ring <Rj+,—,0,-,4> and £or
aCC a,béK;
(1) Oc= a0 — O
(H) ~a)b = — (ab)
Gi) (—~a)(=6) = ab
G il R ;v non teivial (i.e has more
Tha) One e(ement>, then J#0.
DS A9 Thre characCer/rZ/c of a f/'nj N The
order o f A i the additve grovo
i€ JC i frnite ,and oCherw; e thre
character/st/c |€ def ined to be O
(nol& 00)_

DS5.20 An elemert ©F a ring R /v (c,[ée/
a v fF Uis invelible, . e,
ww=uvu=-"7 For Jome veR . The inverse
g onfgu@ The el of uniTy of R iy
denocted £7*.

L.SA1E€ For acing R RT /¢ a mu[‘f}pﬁicaf/'ve
group. (the grogp Of vt of R).

Jnthe £ollowing: R commuTative ring

DS2%  For abeR with a# O we vay Zho
a divides b, den. a (b, £ ¢there exists
CER gouch thal b=ac |anthiv Case,
a ;s called a ofivisor of b and b s
CQLZQO{ a muC‘C[pﬁe O{ a.

LSAD o ants commutat,ve rinNg,

() alb N b|c=>alc
(i) glb=>albec For aldc
(/i) alb Aalc then a|(b+c)

Ds22 g,beR(E pboth O) 3req‘é‘e\rZ‘ COMmmoN
divigor (See D 4.3)

DS.23 An element a# O of a commilal.,Le
/ff)@ R /s Co[éegf a Z_G’KOO//‘VI'JOI/ /I ab=0
£0r Jom< b+0 in R.

D\Szﬁ/ A}’) /'r)feﬁ/‘d(, Ofom'a,n ).\\‘ a (noﬂ—é’f/-l/)'dé)
commeTal/ve cing withocl 2ecodivisory
Va¥b (ab=O = a=Ov b=0).

L3520 )n an inCegral domain ,if alb then
Cwith b=ac /¥ enigue den. by

——% or c=b/c aond callec 7(/0—5/12/)2/—,

D Ss25 A ,Ooiymom;aé al(>) ovesr a comm —

T S22 For any

L 522

DS. 6

T S23
/’J.?}/

DS 2F

IDRWIS

DS 29

TS28

d(x)‘:-

Utative ring R n The ndleterminite

x /S a formal EX P ES/O0) O TLhe form

a(x)= A,=<T+ () + a, =+ Uo

for Jome de 2, A2 w,th Q, e R.

The degree o0Ff al(x),den. o/eg(q(x)))

o the greatest ;| for which a,#* O,

O has deﬁfee minos N0ty REJ

den. the e of POLnom,als (in )

Oover L.

commcTaoCive 109 R,

R(<J /¢ a Commutal,Ve ring.

(i) I€£ D /g an inCegral doman, then O
v DT

U) The units of DG are the conyTant

polynomials thal are wnitr of D -

D 3*=D"
A -,fr'eéc/ S a nontrivial commuTal;ve
ring = 00 which every nonlero
elemenT /s a uvnit,ie., F = F\ (03
Zp 1< a FI'EQ/ i P IV /orime,.
A Feld ~ an /'nfegfa(, domain .
A polyrom ial a(x) & (<] rr co LLed
monic I The Leac/ing Cocferciest ;8 A
A polynomial al<) & /(T ¢k degree
at (easT A iy called ivreduvcible if it
Ky C.//'\/l'd‘/-bée ODC(/ é)y constant /oo(/y—
nomial s and /oy constart mult;ples
of a(>)
The monic poﬁrfno/'m‘a[ g(X) O£
La/jé’\r—t o/ejfeé Jgoueh That g(x) }a(x)
ancd 901609 o called tre gredted
common oiviSor Of a () and b(x)}
den. jCG/(G(X)/b(K)).
LeC F be aq field For any a(x) and
(<) F O in P[] there exisC a vngue
qu) (the quofien“(f) and a Lnigue (=)
(£he /ema:'no/e/) Sveh ThaT
b9 q(x)+r (>) and 0/63(/()0) <0£?j(b[X))

L.S?/? Poéynom/aé eVa(uOé}Oﬂ Ky Comloa"éllde/

DS.33

[ S5.29

With the ring Operationd:

e c(®¥=a () —/—b[><)=_> cx)= a (d)—/‘-/:)(o()

e ()= aled bl = c(a)=a(x)b(x)

L€l a(x)€R[>X). Anelement A ER o
W};,'C)//; alx)=0 js called a root o+
a(>).

For a £ield F,x&€F /v a roct oF a(x)
fF <—& divides al(x)

CS30 A /oolz/nOm;aC a(>) of o/eyree Qor 3

T ST
L 5.32

LS 33

DS 37

L $.37

L 5.35
L 5.36
T 5.3+

Ds3%

t:
D 5.36

DS3)

D S.3&

DS.39

DS «O

over a -,fielc/ F /s irrec/uc;’bée v

[t has NO root.

o< & 75/6(0/ /:) d noN 2erO pa[ynomioé
alx) € FGO of o/egré’e oA hos aC moST Jeosts

A /ooéynomioé alx) e F>=J of c’e\?reg
at movT d i« un/gue(f determ)ned by
ar)}/ oA+ t/a(ue\( Of a(x),).e. by C{(O(,;))
oy aldy, ) for dictincC d,,., %), < F)
CongreencCe moduvlo m (X) jr an eguivalence
laTion on /:[><J/ and each efuivcrlence
class has a vnigue (epreJenY’:a‘tr'l/e ot
dgg/-ee less than c{ey (m(x))

let m(x) be opalynom,'al oFf o/egree cJ
oves . Then

P63 T $ato e FED|deg(a6) <ol §
let F be a fioite freld with

elements and (T m(x) be a /ooéynom/aL
oFfF olegfee A over = Then /F[XJm(x)): C{O/
/:ijm(x> IS a cing wth respecl 4o
adclition and molt,;plication modulo m).
Mol plicative jnverses Hfor polynomial s
over £ields modilo a /oolynoqu[.

The rin9 F&jm@) oa -,f;e[c/ i£E (<) IKs
irreducible

A (0/R) = encoding Function E foc some
alphabet A i oan ,'nJec‘{'.'/e FuncCion
thaC mapy a LT (0’0,~~-)O,¢_,,)é b5 of &
(ir)formqf/on) \S‘ymbOZJ ‘o a LigT

(coisC,r_,) € 2" 0f N>k (encoded ) symbols
N A, ca(L?ﬂ/ a coa/eh/ora/.

45— 4" (a,, ., q_ )PE(la,,q, )= (core 1%nm1)

An (n*,é)——error“——coo’recz‘,'nj C‘CU/Q over A

alphabeC o with />0/=c7 S a gvbeel of
n , . [

A of Caro/,naé/'é/y q".

The Hamming divTance belween two

SEeingsS of equal length over a finite

a(_phabeé‘ A e the number of P-LNIR =V, Ns

ot which the TCwo fZ'/ing¢ O//'{'fef.

The minmum o/)f(faﬂce OFf an erro—

Cof/€CT1'03 code C, den. d’"fn (C)) /S The

min)y MUM oFf the Homm)nj dictance betweer

an two CDO/Q worc/qi

A OfQCOOI/'nj funcfiom Dn7f0r az (ﬂ;/c)——éf)wa/;'nj {mc't}on

€ a fenction D A"—> 45

A o‘ecoc/[nﬁ _/uncf‘r'on D s ‘Zf—erKOr—correcfing for

fmcoo//ng Function £ /£ for any (oo - a‘__,,)

Do tr-1)) = @™ 8y _,) o 90 (0 o) wilh 1. clistomee

at most ¢ from E ((ao-- a,

)

-7 N



